ABSTRACT. While there have been extensive studies regarding the theory of composition operators in standard Bergman spaces, there have not been many results pertaining to large Bergman spaces due to a lack of useful tools. In this paper, we obtain a complete characterization of the compact differences of composition operators in Bergman spaces with the exponential type weight using a newly defined Riemannian distance.
α , α > −1. Throughout this paper, we consider radial weights of the form ω(r) = e −ϕ(r) where ϕ(r) = A(r) log(1 − r) with A(r) is non-decreasing and A(r) → ∞ as r → 1 − . We let ϕ ∈ C 2 , (∆ϕ(z))
and we assume that τ (r) and −τ ′ (r) decrease to 0 near 1. Now, we say that the weight ω belongs to the class W if it satisfies all the conditions above. Concerning the standard weight ϕ(z) = −α log(1 − |z|), α > −1, we can easily check that τ ′ (r) 0 as r → 1 − , thus the weight class W does not contain standard weights and is composed of regular fast weights. A typical weight example in the class W is ω(z) = e It is well known that all composition operators are bounded in standard Bergman spaces A p α (D) owing to the Littlewood subordination principle. The compactness characterization of C φ on A p α (D) is also well known by the non-existence of angular derivatives of the inducing function φ of [9] . On the other hand, Kriete and MacCluer showed that not every composition operator is bounded in Bergman space with ω ∈ W in [5] . [5] showed that if
then C φ is bounded by A 2 (ω). In the same paper, they gave equivalent conditions for the compactness of composition operators on A 2 (ω).
Theorem 1.1. [5] Let ω belong to the class W. The following conditions are equivalent:
(1) C φ is compact on A 2 (ω).
(2) lim |z|→1
Recently, we have shown that (1.2) is an equivalent condition for the boundedness of C φ on A p (ω), where 0 < p < ∞ in [11] when ω belongs to the class W. Thus, the boundedness of C φ on A 2 (ω) implies the boundedness of C φ on A p (ω) for the full range of p. The purpose of this paper is to study when the difference of two composition operators is compact on A p (ω), 0 < p < ∞. This problem was originally raised from the question of the component in the space of composition operators under the operator norm topology of [13] . [13] suggested the following conjecture: The set of all composition operators that differ from a compact operator forms a component of the bounded composition operator space C(H 2 ). Although this turned out to be false, the study of compact differences has continued regarding various holomorphic function spaces since it can give a partial answer to their question. Afterwards, [8] showed that the compactness of C φ − C ψ acting on H ∞ is characterized in terms of the pseudo-hyperbolic distance between φ and ψ, i.e., ρ(φ, ψ) = φ−ψ 1−φψ . Using the pseudo-hyperbolic metric, Moorhouse characterized the compact differences of composition operators acting on A 2 α (D) by the angular derivative cancellation property of [6] as follows:
In this paper, we show that the angular derivative cancellation property also occurs in the case of large Bergman spaces. More precisely, even though either |φ ′ (ζ)| = 1 or |ψ ′ (ζ)| = 1, C φ − C ψ can be compact on A p (ω) when the distance between their images of φ and ψ are sufficiently close to the boundary point ζ. In [6] , we found that the pseudo-hyperbolic distance plays a key role in Bergman spaces with weights of the form ω(z) = (1 − |z|) α , α > −1, but it is not applicable when using weights of the form ω(z) = e −ϕ(z) . Instead, we use the Riemannian distance induced by the metric
where the infimum is taken over all piecewise smooth curves γ connecting z and w. Using the distance d τ (z, w), we can define an alternative to the pseudo-hyperbolic distance by
Now, we state our first main result:
Let ω belong to the class W and C φ and C ψ be bounded on
While our approach is based on Moorhouse's method, extra work needs to be completed to deal with the exponential-weights case. Here, we note that our all results are still valid in the case of
In addition, we give conditions which a single composition operator can be expressed by a finite sum of composition operators modulo compact operators.
We define a set as
In Section 5, we give a partial answer to the component structure of C(A p (ω)) under the operator norm topology. In order to obtain the result, we define another distance induced by the metric ϕ ′ (|z|) 2 (dx 2 + dy 2 ) to make sure the boundedness of composition operators in C(A p (ω)).
Theorem 1.4. Let ω belong to the class W with
be a space of bounded composition operators on
Constants. In the rest of the paper, we use the notation X Y or Y X for nonnegative quantities X and Y to mean X ≤ CY for some inessential constant C > 0. Similarly, we use the notation X ≈ Y if both X Y and Y X hold.
PRELIMINARY
We assumed that τ ′ (r) → 0 when r → 1 − in Section 1. As such, there exist constants c 1 , c 2 > 0 such that τ (z) ≤ c 1 (1 − |z|) for z ∈ D and
We let D(z, δτ (z)) be a Euclidean disk centred at z with radius δτ (z), and we use the notation D(δτ (z)) := D(z, δτ (z)) for simplicity. Throughout this paper, we denote
Using (2.1) and the definition of m τ , we obtain that for 0 < δ ≤ m τ ,
We can also refer to the proof of lemma 2.1 of [12] for the inequality above. If the Borel function τ : D → (0, +∞) satisfies the condition (2.2), we call it a radius function.
2.1. Radius functions and associated distances. Using the radius function τ , we can define the following set
is taken piecewise over C 1 curves γ : [0, 1] → D that connect z and w. The following proposition gives the inclusion relation between B ϕ (z, r) and the Euclidian disks with center z. We use the argument of the proof of proposition 5 of [3] .
Proposition 2.1. Let ω ∈ W and 0 < δ < m τ . Then, we have
Proof. For a given z ∈ D and any point w in B τ (z, r), there is s > 0 that satisfies
Now, we consider an arbitrary curve γ that connects z and w with γ(0) = z and γ(1) = w. We can get the minimum value 0 < t 0 ≤ 1 such that
, the inequality above is bounded below by
Thus, we have proved the first inclusion. For the second inclusion, if we take
Hence, the proof is complete. 2 ∆ϕ(z) 1. For β ∈ R and 0 < p < ∞, there exists a constant M ≥ 1 such that
for a sufficiently small δ > 0, and f ∈ H(D).
In order to estimate the difference of function values at two different points, we need to estimate the growth of the functions in A p (ω). The following inequality shows the size of the differential of functions in A p (ω). In fact, its proof is the same with the case of a doubling measure ∆ϕ which is found in lemma 19 of [7] .
for a sufficiently small 0 < δ < m τ and f ∈ H(D).
Proof. We follow the proof of lemma 19 in [7] . From Lemma 2.2, there is a constant C(δ) > 0 such that
Assume that f (z) = 0 and apply the holomorphic function g(ξ) = f (ξ) ξ−z to the inequality above, then we can obtain our desired inequality.
Here, we note that the inequality above still holds in standard Bergman spaces since τ (z) ≍ (1 − |z|). From Lemma 2.3, we obtain the following inequality
where |z − w| ≤ δ/2τ (z) where 0 < δ < m τ .
Proof. Given a fixed z ∈ D and any point w in D(z, δ/2τ (z)), there is
by the mean value theorem. From Lemma 2.3 and the equality above, we have
Thus, we have
Using (2.6) and (2.4) of Proposition 2.1, we obtain the following inequality from (2.5)
Since |z − w| ≤ δ/2τ (z), we have d τ (z, w) < δ by Proposition 2.1. Thus, by the relation x ≤ e δ (1 − e −x ) for a positive x near to 0 we obtain
and M(D) is a set of µ-measurable functions on D. Now, we introduce Carleson measure theorem on A p (ω), as given by [12] .
Theorem 2.5 (Carleson measure theorem). Let ω ∈ W and µ be a positive Borel measure on D. Then, for 0 < p < ∞, we have
is bounded if and only if, for a sufficiently small δ ∈ (0, m τ ), we have
Here, we call the set D(δτ (z)) a Carleson box and
is compact if and only if, for a sufficiently small δ ∈ (0, m τ ), we have
By the measure theoretic change of variables, we have
where
for any measurable subsets E of D. Therefore, Carleson measure theorem
Moreover, the operator norm of C φ is obtained by
2.4. Angular derivative. For a boundary point, ζ, and α > 1, we define the nontangential approach region at ζ by
A function f is said to have a nontangential limit at ζ if
We say φ has a finite angular derivative at a boundary point, ζ, if there is η on the circle such that
Theorem 2.6 (Julia-Caratheodory Theorem). For a holomorphic self-map φ of D and ζ ∈ ∂D, the following statements are equivalent: When these conditions hold, we have φ ′ (ζ) = β φ (ζ)ζη, and thus |φ
It is well known that Julia's lemma gives a useful geometric result. If
So, when β φ (ζ)
A computation shows that (2.10) gives
, thus |φ(rζ)| ≥ r for 0 < r < 1. The next result follows immediately.
Proof. To derive a contradiction, we assume that there exists the boundary point ζ ∈ ∂D such that β φ (ζ) ≤ 1, but lim z→ζ ω(z) ω(φ(z)) = 0. Then, by (2.10) we obtain the prompt result |φ(rζ)| ≥ r for 0 < r < 1. Thus, lim r→1 ω(r) ω(φ(rζ)) ≥ 1, so this completes the proof.
After, we conclude that the condition β φ (ζ) > 1 is an equivalent condition for lim z→ζ ω(z) ω(φ(z)) = 0. We can find its proof in lemma 3.1 of [11] for the other side.
SUFFICIENCY FOR COMPACT DIFFERENCES
Lemma 3.1. Let ω be a regular fast weight and U be a nonnegative bounded measurable function on D. If C φ is bounded on A 2 (ω) and
Proof. For a given ǫ > 0, there exists δ 1 > 0 such that
From the Schwartz-Pick theorem, we have C ≥ 1 such that 1 − |z| ≤ C(1 − |φ(z)|) for all z ∈ D. Now, consider a point z ∈ D that satisfies
where the constant c 1 appears at the very front of Section 2. For any ξ ∈ φ −1 (D(δτ (z))), we have
so that we can obtain 1 − |φ(ξ)| ≤ (c 1 δ + 1)(1 − |z|). Thus, by (3.2) we have
for any ξ ∈ φ −1 (D(δτ (z))). On the other hand, the boundedness condition (1.2) and Carleson measure theorem say that C φ is also bounded by A p (ω α ) for all α ∈ R + and all 0 < p < ∞ whenever C φ is bounded by A 2 (ω). Thus, for z ∈ D with condition (3.2), we have
Here, the first inequality is from (3.1) and (3.3), while the last inequality hold since C φ is also bounded by A p (ω 1/2 ) and the sizes of the Carleson boxes of A p (ω 1/2 ) are comparable to those of A p (ω). Thus, the proof is complete.
We note that if the bounded measurable function U appearing in Lemma 3.1 is replaced by |U| p , (3.4) can be a sufficient condition for the compactness of the weighted composition operator 
Proof. As mentioned above, Lemma 3.1 gives a sufficient condition for the compactness of UC φ promptly. Conversely, we assume that there exists a sequence {z n } that tends to some boundary point, ζ, such that
Then, using the test function {g n }, which converges weakly to zero in A p (ω) defined in (4.3), Lemma 2.2 and Lemma 3.5 give the following inequality
which derives a contradiction to the compactness of UC φ , thus we completed the proof.
From the assumption τ (z) ≤ c 1 (1 − |z|) for z ∈ D, we see that the distance d τ is also complete since we have
where d h (z, w) is the hyperbolic distance associated with the Bergman metric. Then, ρ κ (z, w) is a distance in D.
Proof. It is obvious that ρ κ is positive and symmetric. Moreover, ρ κ = 0 whenever z = w since d κ (z, w) is a distance in D. Thus, it remains to be proved that ρ κ holds the triangle inequality. Let f (x) = 1 − e −x , where x ∈ [0, ∞). If we consider the following function
we easily get F (0) = 0 and , w) for z, w, ξ ∈ D and f is an increasing function, we obtain ξ, w) ).
Therefore, we conclude that 
Proof. Choose a small number ǫ > 0 with
and we define the set E by
If {f k } is any bounded sequence in A p (ω) such that f k uniformly converges to 0 on compact subsets of D as k → ∞, then
First, we can make the first integral of (3.6) as small as desired. Since |φ(z) − ψ(z)| < 2ǫτ (φ(z)) for z ∈ E by Proposition 2.1, Proposition 2.4 and Fubini theorem follow
The last inequality comes from (2.9) and the assumption of the boundedness of C φ . Therefore, the first integral of (3.6) also can be dominated by an arbitrary small number. To calculate the second integral part of (3.6), we recall that our assumption gives
By Lemma 3.1, we conclude that
, thus the second term of (3.6) is
Hence, we completed the proof.
As a consequence of Theorem 3.4, we obtained a sufficient condition whereby a single composition operator can be represented by a finite sum of the composition operators modulo the compact operator. ≥ c where z ∈ γ, then lim inf
Proof. Since −τ ′ (|z|) tends to 0 as |z| → 1, there is 0 < r < 1 such that −τ ′ (|z|) ≤ r for |z| ∈ [r, 1).
By our assumption,
→ ∞ as |z| → 1, so we have r < |z| < 1 such
. Thus,
For points |φ(z)| > |z| for z ∈ γ, we easily obtain
On the other hand, from (3.9), we have
near the boundary and the assumption τ ′ (r) → 0 as r → 1 − . Thus, for points |φ(z)| ≤ |z| on the curve γ, we have
Therefore,
≥ c, so we have proved the first statement. Denote the subset of boundary points by the following set:
We can see that C φ is compact on A p (ω) if F (φ) = ∅ by Lemma 3.5.
Proof. We define the subsets D i of D by
and their subsets
. Now, let {f k } be a bounded sequence which converges to zero weakly when
(3.12)
Since our assumptions say that
,
= 0, the second integral of (3.12) vanishes as k → ∞ by the triangle inequality and Lemma 3.1. For the first integral of (3.12), we have
by Lemma 3.5. Therefore
= 0 when j = i, thus the second term of (3.13) vanishes as k → ∞ by Lemma 3.1. Finally, we must still prove that the first integral of (3.13) converges to 0 when k → ∞. To prove this, it is sufficient to show that the following statement holds under our assumptions
The proof will be shown in Theorem 3.4. Suppose that there is the boundary point ζ / ∈ F (φ i ) and a sequence {z n } that converge to ζ such that
But, by Lemma 3.5, we obtain
which is a contradiction because ρ τ (φ(z), φ i (z)) ≤ 1 − e −ǫ < 1 for z ∈ E i . Thus, we completed our proof.
NECESSITY FOR COMPACT DIFFERENCES
In this section, we give necessary conditions for C φ to be expressed as a single or a finite sum of the composition operators modulo the compacts.
Proof. Suppose there are two points z, w such that d τ (z, w) ≥ 2δ, but |z − w| < δτ (z). If we consider γ(t) = (1 − t)z + tw, then by (2.2)
Thus, it is a desired contradiction.
In order to prove our theorems, we need the additional following condition
for A > 0 since our method is using the peak functions given by [1] to obtain a necessary condition. 
, and
Theorem 4.3. Let ω ∈ W satisfy (4.1), and C φ , C ψ be bounded on
Proof. Let us assume that there is the boundary point ζ and the sequence {z n } such that
Then, there are constants d 1 , d 2 > 0 and a large number N > 0 that satisfy
and ω(zn) ω(φ(zn)) Lemma 3.5 and |φ(z n )| ≥ |ψ(z n )|, we derive a contradiction since (4.5) does not vanish when n → ∞. Thus, we completed our proof.
As a consequence of Theorem 4.3, we will characterize the case where a single composition operator is represented by modulo compact operators to a sum of finitely many composition operators.
Theorem 4.4. Let ω ∈ W satisfy (4.1), and C φ , C φ 1 , . . . , C φ M be bounded operators on A p (ω) for some p ∈ (0, ∞). We define a set as
Suppose F (φ i ) ∩ F (φ j ) = ∅ for i = j and F (φ) = + ω(z) ω(φ j (z)) = 0, ∀ζ ∈ F (φ j ).
for each j = 1, . . . , M. Since our assumption states that ζ ∈ F (φ) but ζ / ∈ F (φ j ) when j = i, by Lemma 3.5 we have
−→ 0 as n → ∞.
Therefore, we see that the right side of the inequality (4.7) vanishes as n → ∞. When j = i, we can take the test function G φ(zn),b with large enough b to make the right side of (4.7) small since ω(φ(zn)) ω(φ i (zn)) ≤ 1. Thus, we completed our proof.
APPLICATIONS
As an interesting consequence of Theorem 3.4, we obtain a sufficient condition for which two composition operators belong to the same path component of the bounded composition operator space C(A p (ω)). In order to show that, we newly define the complete distance (ϕ ′ (r)) 2 → 0, we easily obtain the following relation using the inequality above. Proof. We assumed that 
